We give a necessary condition for the existence of solutions of the Diophantine equation p = x q + ry q , with p, q, r distinct odd prime natural numbers.
Introduction
The representation of the prime natural numbers under the form x q + ny q , for q∈ {2, 3} and n∈N * , has been already considered; we quote some papers in the Reference list. For example in D.Cox's book [2] , there has been determined necessary and sufficient conditions for a prime p to be written as p = x 2 + ny 2 , where n∈N * . 
Moreover, f is the minimal polynomial of a real algebraic integer α such that E = K(α).
In the above Proposition, h(∆) denotes the number of classes of primitive positive definite forms of discriminant ∆, which is just the number of reduced forms (see D.Cox's book [2] , p.29) and and he obtained, by using techniques of analytic number theory, the following result:
The number of primes of the form p = x 3 + 2y 3 is infinite.
D. Savin [6] has proved the following result for q = 3 : 
We shall define the Artin symbol of a prime ideal in Section 2.
In this paper, we generalize the above result for a prime q ≥ 3 (Lemma 3.1) and we use it for our main Proposition 3.1, in which we consider the general problem of determining whether or not there are primes p of the form p = x q + ry q , with q, r distinct odd prime numbers. We cannot solve the problem for any q, r, but we find necessary conditions for the existence of solutions of the Diophantine equations p = x q + ry q , with p, q, r distinct odd primes.These conditions (see Proposition 3.1) involve the ring of integers of a Kummer field L = K( q √ r), K = Q(ξ), where ξ is a primitive root of unity of degree q and HCF (L) is its Hilbert class field. First we recall some properties of integer rings of such fields in the next section.
Notations and necessary concepts
The terminology we use here can be found in books of number theory, for example in [3] or [8] . Some properties of natural primes are studied by analysing the behavior of their ideals in the ring of integers in finite algebraic extensions of Q. We present only results which will be used in our paper; the proofs and other properties can be found in [3] or [8] . Denote by K an algebraic extension of Q of degree n and consider a prime number p in Z. If Z K denotes the ring of integers of K over Q, then pZ K can be written as
where P i , i = 1, 2, ..., t, are prime ideals in Z K over p, e i , i = 1, 2, ..., t, are the ramification indices and f i , i = 1, 2, ..., t, are the residual degrees (i.e. f i is the degree of the extension Z K /P i over Z/pZ.) If K/Q is a Galois extension, then the ramification indices e i are equal, e i = e, i = 1, 2, ..., t, as well as the residual degrees f i , f i = f, i = 1, 2, ..., t, and n = ef t. If K ⊂ L is an extension of algebraic number fields, [L : K] = m, and there are no primes ramifying in L, then ∆ L = ∆ m K , where ∆ L and ∆ K are the absolute values of the discriminants of L and K, respectively. In D.Cox's book [2] , the following proposition is proved.
Proposition 2.1 ([2]) Let K be an algebraic number field and P ∈ Spec(Z K ). Then P is totally split in the ring Z HCF (K) if and only if P is a principal ideal in the ring
For the cyclotomic field Q (ξ) , where ξ is a primitive root of unity of degree r, r ≥ 3, the following property of a prime number p holds:
Proposition 2.2 ([3]) Let r∈N, r ≥ 3, ξ be a primitive root of unity of order r, Z [ξ] be the ring of integers of the cyclotomic field Q (ξ). If p is a prime number which does not divide r and f is the smallest positive integer such that
Now, if we consider an ideal P ∈Spec(Z [ξ]) and r is a prime natural number, then, in the ring of integers A of the Kummer field Q r √ µ, ξ , with µ∈Z, the ideal P is in one of the situations: (i)P is the r-th power of a prime ideal, if the r-th power character µ P r = 0; (ii)P decomposes in the product of r different prime ideals of A, if the r-th power character µ P r = 1; (iii)P is a prime ideal of A, if the r-th power character µ P r is a root of order r of unity, different from 1.
Taking now in consideration a general finite Galois extension of algebraic number fields, K ⊂ L, the following result is proved in D.Cox'book [2] . 
Proposition 2.3 ([2])Let K ⊂ L be a finite Galois extension of algebraic number fields and L
, then p does not divide ind(f ) if and only if, for all i = 1, 2, ..., t,
It is known that, taking
It is well-known that, for an algebraic number field K and a prime natural number p, p ramifies in Z K if and only if p divides the discriminant ∆ K .
Let L/K be a Galois extension and P ∈Spec(Z K ) such that the extension K⊂L is unramified in P. Let P ′ be a prime ideal in the ring
where N(P ) = |Z K /P | is the norm of the ideal P.
The element σ is called the Artin symbol of P ′ in the Galois extension L/K and is
If the extension K⊂L is Abelian, then
The following result from [7] will be useful in the proof of our result.
Proposition 2.5 If r, q are distinct prime natural numbers, ξ is a primitive root of order q of the unity, K = Q (ξ) is the q-cyclotomic field and
for any P ∈Spec(Z[ξ]).
A transitivity property of ramification holds for Galois extensions L and M of the field K, K⊂M⊂L. A prime p of Z K splits completely in L if and only if p splits completely in M and a prime ideal of Z M containing p splits completely in L.
Given the field finite extensions Q ⊆k⊆K, there exists the following result on discriminants:
Proposition 2.6 ([3]) Let K/Q be a finite extension. Then, for every subfield k⊆K,
we have ∆
3 Primes of the form x q + ry q First we generalize our result from [6] recalled in Proposition 1.3, for a prime q ≥ 3.
Lemma 3.1 Let p, q, r be distinct odd prime natural numbers, K
where ξ is a primitive root of unity of degree q. If there exist integers x, y such that p = x q + ry q , then the Artin symbol
Proof. If there exist integers x, y such that p = x q + ry q , then x q ≡−ry q (mod p). This implies that x q ≡−ry q (mod P ), for any P ∈Spec(Z[ξ]), P |pZ [ξ] . We obtain for the q-power character that Using Proposition 2.4, we obtain that the Artin symbol,
Now we state and prove our main result, establishing necessary conditions for the existence of primes of the form mentioned above.
In order to justify the hypotheses of the next Proposition, we give some examples of triples (p, q, r) of primes satisfying the conditions: (i) p generates the group (Z * q ; ·); (ii) (∃) x, y∈Z, such that p = x q + ry q .
1) p = 43, q = 5, r = 11. Here 43= 3 generates the group (Z * 5 , ·) and 43 = 2 5 + 11 · 1 5 . We obtain
2) p = 71, q = 3, r = 7. Here 71= 2 generates the group (Z * 3 , ·) and 71 = 4
We obtain
3) p = 131, q = 3, r = 13. Here 131= 2 generates the group (Z * 3 , ·) and 131 = 3 3 + 13 · 2 3 . We obtain
Here 197= 2 generates the group (Z * 3 , ·) and 197 = 2
5) p = 353, q = 5, r = 11. Here 353= 3 generates the group (Z * 5 , ·) and 353 = 1
6) p = 16903, q = 5, r = 3. Here 16903= 3 generates the group (Z * 5 , ·) and 16903 = 7 5 + 3 · 2 5 . We obtain
3).
7) p = 127277, q = 7, r = 3. Here 127277= 3 generates the group (Z * 7 , ·) and 127277 = 5 7 + 3 · 4 7 . We obtain
8) p = 187387, q = 11, r = 5. Here 187387= 2 generates the group (Z * 11 , ·) and 187387 = 3 11 + 5 · 2 11 . We obtain
A simply computation in MATHEMATICA, using for example the procedure
, gives more and more examples of primes satisfying the conditions (i) and (ii).
We give the precise results (obtained using the program MAGMA) for the 4-th example: α = 65 is a solution for the congruence α 3 ≡7 (mod 197), so the decomposition of the ideal 197A in a product of prime ideals of A is:
where A = Z L . After this we obtained with MAGMA that the ideals P i = (197, 65 − ξ . ii) First we show that f is separable modulo p. From i), we obtain that p does not ramify in A. This is equivalent with the fact that p
It is known that Q⊂HCF (L) is a Galois extension. Let G be the Galois group of the extension HCF (L)/Q and let τ denote the complex conjugation. The H = {1, τ } is a subgroup in G. Using Proposition 2.6 we obtain that ∆ F divides ∆ HCF (L) , so p does not divide ∆ F . Knowing that disc(f )=(ind (f )) 2 · ∆ F , we obtain that p does not divide disc(f ), so f is separable modulo p. Applying Proposition 2.3, we obtain that the congruence f (x) ≡ 0 (mod p) has a solution in A. Since r pZ[ξ] q = 1, it results that the number of prime ideals factorizing pA is q, so the residual degrees f P i /pA are equal to 1. This implies the field isomorphism A/P i ∼ =Z[ξ]/pZ [ξ] . Therefore the fact that the congruence f (x) ≡ 0 (mod p) has a solution in A is equivalent to the fact that the congruence f (x) ≡ 0 (mod p) has a solution in Z[ξ].
